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We aim to prove the following theorem. 
ORBIT THEOREM. Let q he a prime. Let Q he a normal elementary-abelian 
q-subgroup of a finite soluble group G, and let H be a subgroup com- 
plementing Q in G. Let k be a finite field of characteristic p ( # q), and let V 
be u kG-module which is fuithful for Q. Assume that the following condition 
is satisfied.. 
(Orbit Hypothesis) vG=vH forallve V. 
Then [Q, O,,(H)] = 1. 
This theorem is the final step in the proof of the following criterion for 
the existcncc of a normal complement (see Hawkes and Humphreys [a]): 
“Let 5 be a saturated formation, and let H be an @projector of a finite 
soluble group G. Then H has a normal complement in G if and only if 
every irreducible character of H extends to an irreducible character of G.” 
However, since the Orbit Theorem may be of independent interest, and 
since the methods and style of the two proofs are quite different, we have 
resolved to publish it separately. 
1. PREPARATORY RESULTS 
We start by listing some elementary numerical inequalities which will be 
needed in the sequel. 
* The first author gratefully acknowledges the hospitality of the Australian National 
University while this work was in preparation. The second author was supported by an SERC 
Studentship. 
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(1.1) LEMMA. Let i, m, n, t and x be natural numbers. 
(a) The inequality 
t 
i(m-2) > i2m13,4/1QQ 
is valid for the following ranges of the variables: 
(i) i32,m35, t>25; 
(ii) i>3, m>9, t34; 
(iii) ia3, m=4, t>25; 
(iv) i33, m=5, ti346; 
(v) i36, m=5, t34. 
(b) The inequality 
ti(2.34n7 - 1) , jm6.68 
is valid ,for the following ranges of the variables: 
(i) i=l, m>3, t34; 
(ii) i=l, m>,5, t>3; 
(iii) i>2, m>3, t32; 
(iv) i> 3, m=2, t>2. 
(c) 4” > (2/7)m6.7 for m > 11. 
(d) (3.5)” > n3.34 for n 2 0. 
(e) 21.34it l blifor i33. 
(f) (2/7) x4.68 > 48(x - 1) for x 3 4. 
(g) 25’>48x49ifor i33. 
Proof. Since the same methods apply to subsequent parts, we prove 
only part (a). Let 
g(i, m) = i(m - 2) log t - 2 log i - 13.4 log m + iog 100. 
To show that f(i, m) = 100 P-*) iA2m - 13.4 3 1, it will. suffice to show that 
logf(i, m) = g(i, m) 3 0. Now 
g=(m-2)log t-2i-‘. 
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Thus g is increasing as a function of i whenever i(m - 2) > 2(log t) - ’ and, 
since t > 4, certainly whenever i(m - 2) > 1.5, Similarly g is increasing as a 
function of m whenever im > 9.7. 
Since we are only concerned with ranges which satisfy im 3 10 and 
i(m - 2) < 6, it will therefore be enough to check that g(i, m) > 0 for the 
smallest values of i and m in a given range. The numerical values of the 
following calculations are given to three decimal places. 
(i) g(2,5) = 6 log t - 2 log 2 - 13.4 log 5 + log 100 2 0.966 when 
t325. 
(ii) g(3,9) = 21logt-2log3-13.4log9+log100 3 2.077 when 
t > 4. 
(iii) g(3, 4) = 61 og t-2log3- 13.4log4+log 100 > 3.145 when 
t325. 
(iv) When t’ 3 4’j, then i log t 3 6 log 4, and therefore g(3, 5) > 
18 log 4 - 2 log 3 - 13.4 log 5 + log 100 = 5.795 in this case. 
(v) As in (iv) we have g(6,5) > 5.795 when t 3 4. 
(1.2) LEMMA. Let G be a soluble subgroup of Sp(4, 3). Let SE Syl,(G), 
andassume that Sfl. Then j(S”)/<27x5. 
Proof: By Satz II, 9.13(a) of Huppert 131, ISp(4, 3)j =2’x 34 x 5. 
Therefore (SI = 5. Let S < HE Hall j3,5j(G). By the Sylow theorems H has a 
normal Sylow 3-subgroup T and H= TS. Now 1 T/@(T)1 < 33 because T 
cannot be elementary abelian of order 3” (see the proof of Satz II, 9.25 of 
Huppert [3]). Since the order of 3 (mod 5) is 4, it follows that S acts 
trivially on T/@(T). Thus [T, S] = 1 by Satz III, 3.18 of Huppert [3]. 
Hence S < Z(H), and since C,(O,,,(G)/O,(G)) < O,,,(G), it follows that 
SO,(G)/O,(G) d Z(O,,,(G)/O,(G)); consequently SO,(G)a G and the con- 
clusion of the Lemma now follows. 
(1.3) PROPOSITION. Let q be an odd prime, and let C be a finite soluble 
group with O,(C) = 1. Let k be afield of characteristic p ( # q), and let V be 
a kc-module. Assume that k contains a primitive qth root of unity, 1, say, 
and that every abelian characteristic subgroup A of F(C) is cyclic and 
satisfies [V, A] = V. Let s ( # 1) be an element of C of q-power order, and 
let Ui= {UE V(us=,I’u}. Then 
2Dim Ui<Dim V (Odidq- 1). 
Proof: We argue by induction on 1 Cl + Dim,< V. Since the hypotheses 
and conclusions stay the same under field extensions, we may assume 
without loss of generality that k is algebraically closed. 
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Next suppose that V has a proper, non-zero submodule 
hypothesis that [V, A] = V for all abelian characteristic subgrou 
F(C) implies that O,(C) = 1 and therefore carries over to the modules W 
and V/W. Let S= (s). Then by Maschke’s theorem I/,= W@ m and 
Fir (V/W),. In this case the conclusion of the Proposition follows easily 
by induction, and therefore we can suppose that V is irreducible. 
The hypothesis that O,(C) = 1 implies that Sn F(C) = 1, and since 
C,(F(C)) <F(C), there exists a prime Y such that [R, sZ,(S)] # 1 for 
R E Syl,( F( C)). Then R = F( RS) and since characteristic subgroups of 
characteristic in F(C), we can suppose by induction that RS = C. Satz III, 
13.10 of Huppert [33, which describes the structure of groups in which the 
abelian characteristic subgroups are cyclic, implies that 
R=EVT, 
where E is extraspecial or 1, and where T is cyclic if r is odd, and cyclic, 
generalized quaternion, dihedral or semidihedral if Y = 2. Then the sub- 
group R” = (2,(@(R)) is characteristic and of index 1 or 2 in R and has the 
form R* = E Y D with D now cyclic and D = Z(R). Then 
R* >, [R, L?,(S)] = [R, Q,(S), Q,(S)] # 1 since (IRI, ISI) = 1. From this we 
infer that R* = F(R*S), and so by induction we can assume that R” = R. 
If G has a minimal normal subgroup N satisfying [N, 92,(S)] # 1, then 
R = C,(N), and an easy application of Clifford’s theorem to VN shows that 
V, is a direct sum of regular /&modules. In this case we conclude that 
Dim Ui= (Dim V)/iSl < (Dim V/)/3, as desired. Now let T= [R, Q,(S)]. 
Since (IRI, IS\)= 1, we have 1 #T= [T, Q,(S)]aRS=G. If either T is 
abelian or [Z(R), Q,(S)] # 1, we obtain a minimal normal subgroup N of 
G satisfying [N, Q,(S)] # 1. Therefore suppose that T’f I and t 
[Z(R), Q,(S)] = 1. Since T’ < R’ and I R’I = Y, we have T’ = R’. Because 
T= [T, Q,(S)], the action of 52,(S) on T/T’ is fixed-point-free; hence 
Z(R) n T= T’, and since TZ(R)/Z(R) is elementary abelian, it follows that 
Q(T) = T’. 
Now T/T’ is completely reducible under the action of 5’. Therefore we 
can fmd an S-invariant subgroup X of T containing T’ such that X/T’ com- 
plements Z(T)/T’ in T/T’. We then have T’ = [AZ(T), XZ(T)] = A”, and 
since Z(X) is centralized by X and Z(T), also Z(X) d Xn Z( T) = T’. Et 
follows that X is extraspecial. 
Now set Y = X5’ and observe that Z(X) ( = R’) is the unique minimal 
normal subgroup of Y. Since V is irreducible, O,(G) = 1, and therefore Y is 
a p’-group. Let W be an irreducible submodule of Yy. Since V, is com- 
pletely reducible by Maschke’s theorem, it will be enough to prove that 
2 Dim( Wn Vi) < Dim W. ($1 
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Since [V, R’] = V by hypothesis, it follows that [W, Z(X)] = W, and so 
the irreducible kY-module W is faithful for Y. In this case the structure of 
W, is well known and is described in Satz V, 17.13 of Huppert [3]. (There 
it is stated for characters over a field of characteristic zero, but its proof is 
valid for modules over any algebraically closed field whose characteristic 
does not divide ICI.) It states that 
Wsgm(kS) + 6L, 
where rn > 1, 6 = +l, and L is a l-dimensional submodule. 
If 6 = -1, then Dim( Wn Ui) dm = (Dim W-t l)/lS[ < $Dim W, because 
ISI 3 3 and Dim W>2. On the other hand, if 6 = +l, then 
Dim W>3m+134. Since 2(x-1)/(x-2)<4 for all x33, we have 
2(ISj - l)/(lS( -2) <Dim W. It then follows that 
Dim(WnUi)dm+l<(Dim W-l)/(lS/+l) 
<iDim W. 
Thus (1) holds and the proof is complete. 
At several points in the sequel we shall quote the following structure 
theorem, which applies, in particular, to soluble groups which have a 
primitive faithful irreducible module. 
(1.4) THEOREM (Jones [4, Theorem 3.51). Let X be a normal subgroup oj 
a finite soluble group Y, and suppose that all abelian normal subgroups of Y 
which are contained in X are cyclic. Then X contains a nilpotent normal sub- 
group L of Y with the following properties: 
(i) Each Sylow s-subgroup S of L has the form S= D,E,, where 
[D,, E,] = 1, D, is cyclic, and either Es= 1 or E, is extraspecial and 
D, n E, = Z( E,); 
(ii) If Z= KI ILl D,, then Z = Z(L), and L/Z is completely reducible 
as an X-group; 
(iii) If T= C,(Z), then C&L/Z) = L. 
(1.5) PROPOSITION. Let F be a finite field, let G be a finite soluble group, 
and let V be a completely reducible FG-module faithful for G. Then 
/ GI d (2/7) 1 VI 2.34. 
Proof We proceed by induction on IG/ + Dim V, with the hypothesis 
that for all pairs (G,, V,) and for all finite fields F such that 
jGoj + Dim V, < /G( + Dim V the Proposition is true. It is clearly true 
when JGI = Dim V= 1, which is the starting point for the induction. 
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Write cc = 2/l and /3 = 2.34. First we use the induction hypothesis to 
make two simplifying assumptions. 
(1) V is irreducible. Suppose that V has a non-trivial submodule 
decomposition I/= V, @ V,, and let K, = ker(G on Vi), i= 1,2. Then by 
induction IG/K,l < a 1 V,Jfl, and since K, n K, = 1, we conclude that 
iGI<IG/K,l (G/K,/<a21V,/BjV21B<a/1/lB. 
(2) V is primitive. If not, there is a maximal subgroup M of G and a sub- 
module U of I/, such that I/= UG. Let K = Core,(M), and let e/K denote 
the socie of G/K. Since G/K is a primitive soluble group, L/K is a self-cen- 
tralizing chief factor of G, complemented in G by M. Let jL/Kl = n = pm, 
Thus L/K can be viewed as a completely-reducible faithful G/L-module 
over the finite field 1F,, and so by induction we have 
Let (x1 ,..., x,} be a transversal to K in L. Then 
v= ux, @ ... @ ux, 
is a decomposition into K-submodules of V. Let Ki = Ker(K on Ux,). 
induction (K/K,1 < % 1 Uxilp = CI / UIp, and since n;= 1 Kj 6 Ker(K on V) = 1 
by hypothesis, we have 1 KI d c? / U( nB = c(” / I/l 8. Hence 
IGI=IG/LI IL/K] /KI<a"+'nP+' /VIB=(,n,P+l)a /Vlt 
By Lemma 1.1(d) we have annPfl - -(z/7) nn3.34 < I for all integral values of 
n. Therefore the conclusion of the Proposition holds when V is not 
primitive. 
In view of (2) we may suppose from now on that if A is an abelian nor- 
mal subgroup of G, then VA is homogeneous and A is cyclic. Therefore 
Theorem 1.4 is applicable with X= Y = 6, and we obtain a nilpotent nor- 
mal subgroup 
L= 3 (D,YE,) 
of G with the property that if Z = nD, and K= C,(Z), then C,(L/Z) = L. 
Set t = j [Fl and j = IG: KI. Since V, is homogeneous, by Satz II: 3.11 of 
EIuppert [3] we can view V as a K-module over an extension field IF, of ff 
of degree i, where i is the smallest integer such that /Zl 1 (t’ - 1). From this 
viewpoint G induces semilinear transformations on V, and there is a 
homomorphism from G into the Galois group of lF,/[F whose kernel is K. 
Thus G/K is cyclic and jl i. If E, # 1, then E, is an extraspecial s-group. Let 
IE,l = s2e(s)+ ‘. Set m = nI,, lLIz, se(‘); then IL/Z\ = m2 because 
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E, n 2 = Z(E,). Since VzCE,). is faithful and homogeneous, seCs) divides the 
5,-dimension of a composition factor of P’ viewed as an IF, Es-module (in 
fact, s+) equals this dimension because [F, contains a primitive sth root of 
unity-see Satz V, 16.4 of Huppert [3]). Thus m divides Dim,, V and we 
therefore have 
1 VI 3 tin’. (*I 
Since L/Z is a completely-reducible, faithful K/L-module (over various 
prime fields), it follows by induction that jK/LI 6 am2P, and using the fact 
that IG:KI=j<iand that IZI I(?--l), we have 
jG/ = IG: KI IK: LI JL: ZJ IZ/ d iam2Pm2ti. 
By (*) it follows that 
/GI dim w+ll+(‘-MmCI IV/“, 
and so the proof will be complete if we can show that 
im2(P+ I) < t’(“P- l). (?I 
Of course, t = ) IF I> 2, and so by Lemma 1.1 (b) this inequality holds 
whenever m > 3 provided i > 2, and it also holds for m = 2, provided i 2 3. 
Now if m = 3 and i = 1, then t > 4 (because the prime divisors of m divide 
IZI and hence divide t’ - 1 ), and again by Lemma 1.1 (b) the inequality (t) 
holds; likewise if i= 1 and m 3 5 (for then t 3 3). Therefore the only 
possible exceptions occur when m = 1, when m = 2 and i = 1,2, or when 
m = 4, i = 1 and t = 3. We consider these cases separately. 
The case m = 1. First suppose that i= 1. Then IGI 6 t - 1 and 1 VI = t. 
Since t - 1 < 2t2/7 for all t > 2, it follows that IG/ < 2 I VI 2/7 < CI I VIP, as 
required. 
Next suppose that i= 2. If t = 2, then I VI = 4, and /GI d 6 < 
2 x 42.34/7 = a I VIP. If t > 3, then IGJ 6 2 IZ( < 2(t2 - 1) < 2t4/7 < a(t2)@ < 
CI j VIP, and again we are done. 
Finally, if i > 3, we have 7i d 2 x (21.34)’ by Lemma 1.1(e), and in this 
case 
(GI <it’,< (2/7)(t2.34)i= CI] V/Ip 
since t 3 2. The Proposition therefore holds when m = 1. 
The case m = 2 and i = I, 2. When m = 2, we have L = Es Y Z, where E, 
is dihedral or quaternion of order 8 and Z is cyclic of order dividing 
(ti- 1). Since K/L is isomorphic with a subgroup of SL(2, 2), it follows 
that IGI <24i(t’- 1). If ti=3, then IG/ <4X < (2/7)x 92.34<~ /VIP, as 
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desired. Since for x > 4 we have 48(x - 1) < 2x4.68/7 by Lemma 1.1 (f), when 
r’> 3 we conclude that 
/GI<48(t’-1)<(2/7)~(t’)~.~*<, IV/“, 
and we are done in this case. 
The case m = 4, i= 1 and t = 3. Here j I/l 2 34. Since t’= 3, we have 
I.Zi = 2, and so L = E2 is an extraspecial group of order 25. Since Ant(E) is 
isomorphic with a subgroup of the symmetric group S, by Satz II, 9.21 of 
IIuppert [3]: and since 23 x 32 is an upper bound for the order of a soluble 
subgroup of S,, it follows that 
IGI < 25 x 23 x 32 = 2304 < 2 x 39.36/7 da / VI”. 
This completes the final case and with it the proof of the Proposition. 
2. THE PROOF OF THE ORBXT THEOREM 
We suppose, if possible, that the Theorem is false and aim to derive a 
contradiction. Let the pair (G, I’) be a counter-example with IG/ + Dim, V 
as small as possible. We fix the notation R = Q,(H) and note that since G 
satisfies the hypotheses but not the conclusion of the Theorem we have 
In particular, Q # 1. 
The proof is divided into four stages, labelled A-D. 
A. Preliminary Reductions 
We begin by showing that the Orbit Hypothesis is inherited by normal 
subgroups of q/-index. 
(Al) If Q < TAG, and q//G: TI, then the pair ( TY V) satisfies the 
hypotheses of the Theorem. Of course, T can be expressed as the 
semidirect product T= Q( Tn H) and we intend Tn H to play the role of 
N here. clearly we only need verify the Orbit Hypothesis. Let v E Y an 
write X, for the stabilizer C,(v) whenever X< G. Then 
JG,: H,j = IG: H,j/jG: G,] = ]G: HI IN: 
because \H: H,( = lvHl = IvGl = jG: G,/ by the Orbit 
G/T is a q’-group, the integer I G, T: H, Tl is prime to q; but it also divides 
jG,: H,J = IQl, and so G,T= H,T. 
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Hence 
IQ1 ITnH: (TnH),I = (T: TnH( ITnH: TnH,j = (T: TnH,I 
=ITH,:H,I=ITG,:G,I IG,:H,I=IT:T,I IQ/. 
Therefore (vTI = (T: T,I = lTnH: (TnH),)I = (v(TnH)(, and so the 
Orbit Hypothesis is satisfied by the complement Tn H to Q in T. 
(A2) V is irreducible. If not, V has a submodule X1 # 0 such that the 
module X, = V/X, is also non-zero. The Orbit Hypothesis is clearly 
satisfied for G on X,. Let 
D = {VI +x1,..,, u, + A-,} 
be an orbit of H on X,. Then u:= I (vi + Xi) is a union of H-orbits in V and 
is therefore a union of G-orbits by the Orbit Hypothesis. Hence Sz is an 
orbit of G on X,, and the Orbit Hypothesis is also satisfied for G on X,. 
Let K, = Ker(Q on Xi) for i = 1, 2. Since Dim,X, < Dim, I’, the pair 
(G/K,, Xi) is not a counter-example, and therefore 
for i = 1,2. Since K, n K, is a q-group stabilizing the series 0 < X, < V of 
the q/-group V, it follows that K, n K, = 1, and consequently [Q, R] = 1. 
But this contradicts (2.1), and therefore V is irreducible. 
(A3) Let Q < M 6 G and suppose there exists a submodule U of V, such 
that V= UC. Then M ( = Q(Mn H)) satisfies the Orbit Hypothesis on Ii. 
Let {h, = 1, h2,..., h,) be a transversal to Mn H in H (and hence to M in 
G). Then 
V= Uh, 0 ... @ Uh,. 
Let D be an orbit of Mn H acting on U. Then clearly the set 
Q u Qh, u .. . u 52h, is an orbit of H acting on V and is therefore Q- 
invariant by hypothesis. Consequently Sz = Un (m u Qh, u ‘. u l2h,) is Q- 
invariant, and so U satisfies the Orbit Hypothesis with respect to M. 
B. The Proof That V, Is Homogeneous 
We suppose throughout Stage B that V, is not homogeneous and, after 
several steps, reach a contradiction. Henceforth we write 
C = C,(Q)> 
and observe that C is normal in H, is centralized by Q, and is therefore 
normal in G. 
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(Bl) The stabilizer of a homogeneous component of V, is a maxima/ 
subgroup of G complementing a chief factor of G of the form QN/Q( 
with N 6 R. Let U be a homogeneous component of VQ, and let 
be its stabilizer in G; observe that QC< M. Since R $ C, we c 
choose a minimal normal subgroup N/(R n C) of H/(R n C) with JJ < 
Suppose, by way of contradiction, that MN < G, and set W= u”“. 
V= v by the transitivity of induction, and by Step (A 
satisfies the Orbit Hypothesis for MN. Since Dim, W < 
(G/Ker(Q on W), W) is not a counter-example, and therefore 
[Q, Ml GKer(Q on W). 
If {hr,..., h,} is a transversal to MNnH in H, then [Q, N] = [Q, Njhi< 
Ker(Q on Whi), and since nt=, Ker(Q on Whi)<Ker(Q on V)= I, la 
follows that N 6 R n C, contrary to the definition of N. Hence N= 
M(QN) = G. But Mn QN > Q(R n C) and QN/Q( n C) is a chief factor 
G. Since by assumption M is a proper subgrou f 6, it follows that 
complements QN/Q(R n C) and, in particular, that M is a maximal sub- 
group of 6. 
(B2) The field k contains a primitive qth root of 1. &et 
Q/Ker(Q on U). Since Ii, is homogeneous, 101 = q. First suppose that 
Mn H does not centralize Q, and let E = C,,,,(o). Then Ea Mn H, an 
(Mn H)/E is isomorphic with a subgroup of Am(Q), which is a q’-group. 
Since R n C d E and M n H complements N/(R n C), it follows that EN is 
a normal subgroup of H of index /M n H: El, a q’-nu 
(Al) the module VgEN satisfies the hypotheses of th 
the pair (QEN, V) is not a counter-example, and therefore [ 
Since this contradicts the fact that R n C < N < R, it follows th 
and therefore M ( = Q(M n H)), centralize Q~ Let k be a 
of 1 in a suitable extension field of k. By Hilfssatz I .ll of Huppert [3’ 
we can regard U as a k(A) M-module of dimension mk U/k(J): kl, an 
can therefore regard V= UG as a k(J) G-modu 1/* of dimension 
mk V/lk(/Z): kl. If lk(A): kl > 1, then V*) is not a counter-example, 
d SQ [Q, R] = 1, contradicting (2.1). rice 2 E k. 
3) A contradiction to complete Stage B. Since by Step 
complements N/(R n C) in H, we can choose a transversal to 
consisting of elements YES = 1, n2,..., n, in N. Furthermore: there exists an 
element x E Q which acts on U as multiplicatio by 2 and 8n UFI, as meal- 
tiplication by ;1’ for some j> 1 and 1 < i < q. elabel the nj if necessary 
to ensure that j = 2. Let u E q(O), and consider the element 
w  = u + un7 E v\(O). The Orbit Hypothesis implies that there exists an h in 
H such that 
wx = wh. 
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Let h=mn, with mEMnHand ldr<t. Then 
Au + J.‘un, = wx = umn, + un2mnr. 
Let n,h E (Mn H) n,. Since I/= @:= i Un,, it follows that (r, s} = {l, 2) 
Case (i). (r, s) = (1,2). Then urn = lu and un2m = Liz+. Consequently 
Rim2 = umnm = jl.un* 2 2 , and therefore un?n; l= /2’-‘u. 
Case (ii). (Y, s) = (2, 1). In this case urn= /z’u and un,mn,=Au. Hence 
Au = umny n2 = Aiunyn2, therefore ungn, = A’-‘u. 
Since 0 < i - 1 < q, the element J’-i is a primitive qth root of 1, and it 
follows that in either case q divides the order of one of the elements nyr$‘, 
which belong to N because N_a H. But N 6 R, which is a q’-group, and we 
have reached a contradiction. Thus our supposition at the outset of Stage 
B is untenable, and from now on we may assume that V, is homogeneous. 
C. The Proof That V Is a Primitive kG-Module, Faithful for G 
Because V is by hypothesis faithful for Q and V, is homogeneous, we 
have Q = q, 
(Cl) The index r = /H: Cl is a prime #q, and H = CR. Since H/C is an 
abelian group, whose order divides [Am(Q)1 = q- 1, by (Al) the Orbit 
Hypothesis is satisfied by any subgroup of G containing QC. Let L be a 
proper subgroup of H containing C. Since Ln R 6 O,,(L), and since 
(QL, V) is not a counter-example, we have [Q, L n R] = 1. If CR were a 
proper subgroup of H, we could take CR for L and obtain [Q, R] = 1, 
against (2.1). Hence CR = H, and then L = L n CR = C(L n R) = C. This 
shows that C is a maximal subgroup of H and proves (Cl). 
(C2) Let M be a maximal subgroup of G, and suppose that V, has a sub- 
module U such that V = UG. Then Q 6 M and Mn H complements the r- 
chief factor R/(R n C) of H; in particular, MZS G and /G: MI = r. If 
Q & M, then MQ = G, and the regular module kQ is a summand of 
(UMQ),= V,. Since Q#l, this contradicts the fact that V, is 
homogeneous, and therefore Q d M. It follows that M= QHO, where 
H,=MnH cmax H. 
By (A3) the pair (M, U) satisfies the hypotheses of the Orbit Theorem 
and is not a counter-example. Since U is faithful for Q, it follows that 
R n H, d C,(Q) = C, and consequently R n H, < R by (2.1). If R n C 4 
HII, then (RnC)H,=H, and so R=RnH=(RnC)(RnH,)<C, 
against (2.1). Therefore R n Cd Ho. Since R & H,, we have H, R = H, and 
we therefore conclude that Ho supplements the normal section R/(R n C) 
in H. But from (Cl) we know that R/(R n C) (gH/C) is a central r-chief 
factor, and the conclusions of (C2) now follow. 
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(C3) The conclusion of the proof that V is primitive. 
possible, that V is not primitive and derive a contradictio 
for some submodule U of V,, where by (CZ) the maximal normal sub- 
group A4 of G complements the chief factor QR/Q(R n C) of orde Let 
y E R\(R A C). Then the set { 1, y,..., y’-‘} is a transversal both to and 
QC in 6, and 
v= U@ uyo ..’ @ Uy’-‘. 
Since V, is homogeneous, we can apply Hilfssatz II, 3.11 of 
and from now on regard V as a k(%)(Q x C)-module on which G acts 
semilinearly. There is a generator x of Q which acts on V as scalar mul- 
tiplication by the chosen primitive qth root of unity jL, and for all g E G we 
have 
(/iv) g = I”%, 
where the map 6,: 2 + Izg is an automorphism of the subgroup (i) of 
k(a) x, and the map 8: g -+ Og is a homomorphism from G into Aut((L)) 
with kernel QC (= C,(Q)). Thus 13, has order r: and /2”’ P L; in particular, 
the element z = ,?.“A- ’ is also a primitive qth root of unity. 
Since ) G: Ml = r # q, by (Al) the pair (M, Y) satisfies the rbit 
Hypothesis. If u E U, we have (u + uy) x=1-u + /luy, and therefore there 
exists an element h in Mn H such that 
(u + uy ) h = AA + Auy. 
Because Mn H is normal in H and therefore leaves each subspace Uy’ 
invariant, it follows that uh = iu and uyh = ky. Then, writing h = cyi with 
c E QC, we have 
(i) UC= (AU) y-j, and 
(ii) uy = ~P(uycy’). 
Thus 
U[C', y-q = (Au)y-'ye-y [from (i)] 
= (Au) yy-'c-'y-1 = (J.“(uy))y-‘c-‘y-1 
= (nyA-'(uycy')) y-'c-ly-l [from (ii)] 
= (zquyc)) c-ly-’ 
= (z”-‘uy) y-l [since c acts linearly 1 
=Z 
y-i--i 
u. 
481:94/2-g 
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Since the element [c-‘,y-‘1 belongs to C, it acts linearly on V, and 
therefore q divides its order because rg is a primitive qth root of 1 for all 
g E G. But this contradicts the fact that [c- ‘, y- ‘1 belongs to the q’-group 
R, and so we are forced to conclude that V is primitive. 
It remains to prove that 
(C4) V is faithful for G. Let K= Ker(G on V), and suppose, if possible, 
that K# 1. By hypothesis Q nK= 1, and therefore K centralizes Q. If 
HnKfl, then HnKdH, whence HnKsQH=G. Let G=G/(HnK), 
and let x= X(Hn K)/(Hn K) for Xd G. If P denotes V viewed as a kc- 
module, it is clear that the hypotheses of the Orbit Theorem are satisfied - - - - 
for the pair (G, V) with Q and A in place of Q and H. Since (G, V) is not a 
counterexample, 
- - 
it follows that [R, Q] = 1, in other words, that 
[R, Q] d Hn K. But then [R, Q, Q] < [Hn K, Q] = 1, and since 
(IQ/, jRl)= 1, we have [R, Q] = [R, Q, Q] = 1, which contradicts (2.1). 
Therefore HnK= 1, and jK:I = (HK: HI = IG: HI =q. 
Since Q n K= 1, the subgroup A = Q x K is elementary abelian of order 
q2* Set L=HnA and note that LaHA=G. Then jLI=q and 
[IL, R] d L n R = 1. From the normal decompositions 
A=QxL=KxL 
we then derive [A, R] d Q and [Q, R] d K. Consequently [Q, R] 6 
[A, R] < Q n K= 1, and we again have a contradiction of (2.1), forcing the 
conclusion that K = 1. 
D. Eliminating the Counter-example 
Let us now summarize the structure of our minimal counter-example 
(G, V). The group G is the semidirect product of a cyclic normal subgroup 
Q of order q with a subgroup H. The kG-module V is primitive and faithful 
for G, and therefore every abelian normal subgroup of G is cyclic; in par- 
ticular, we have 
O,(C) = 1. 
(Here C = C,(Q) and IH: Cl = r, a prime distinct from q.) Since r/ (q - I), 
we also have 
q33. (2.2) 
From now on we shall regard V as a k(,I)(Q x C)-module, according to 
Hilfssatz II, 3.11 of Huppert [3]. That result tells us that C is the kernel of 
a homomorphism from H to Aut,(k(l)) and that r divides [k(n): kj. 
Therefore 
Ik(n)l =P~ with a > 2. (2.3) 
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If 0 # v E I’, then Q has a generator x such that ax = i-v, and so by the 
Orbit Hypothesis there is an element h = h(v) in BI such that vh = %G. 
Moreover, since A4 = 1 # 2, we can suppose that h(v) has non-trivial q- 
power order and, in particular, that h(v) E C. 
Since a characteristic abelian subgroup A of F(C) is characteristic in C 
and hence normal in H, it follows that A is normal in G and is therefore 
cyclic; moreover, VA is homogeneous, and so [V, A] = V by ((24) 
the hypotheses of Proposition 1.3 are satisfied for the k(A)C-module 
from its conclusion we deduce that a given q-element of C can play the role 
of h(v) for at most 1 I/l ‘I2 different elements w  in k: Consequently C must 
contain more than (I V/ - 1 )/I I/j ‘I2 = / I/l ‘I2 - / Vi - ‘I2 distinct non-trivial 
elements of q-power order; in particular, 
ICI 3 IV/? (2.4) 
We now apply Theorem 1.4, noting that its hypotheses are satisfied with 
X = C and Y = H, and deduce that C contains a nilpotent normal subgrou 
L of H such that a Sylow s-subgroup S of L has the form 
S=D,Y E,, 
where D, is cyclic and E,s is extraspecial when E, # I. If Z = 
K= C,(Z), then K/L acts faithfully as a completely-reducible 
automorphisms of L/Zr n(E,/Z(E,)). Since E,/Z(E,) is a Z,-sp 
dimension we can write / L/Z1 = m* for some natural number YM. Set 
(C: KI =j and t =p”= lk(l)l: 
and note that qj(t- 1). Let i denote the order of @(mod /Z/) and let k, 
denote the extension of k(i) of degree i. Since V, is homogeneous, it 
follows from Hilfssatz II, 3.11 of Huppert [ 3 j that V may 
k, K-module on which C acts semilinearly; moreover, / ZI 
C/K is a cyclic group whose order divides the order i of the group of 
automorphisms of k, over k(i). Thus j< i, and since q j(t - 1) 
(121, q)= 1, it follows that t’- 1 is a multiple of q 121. Thus 
IZ/ d (t’ - 1)/3 < t/3. 
Let IE,/Z(E,)J = mf, and note that n, rnf = (L/K\ = m’. Again because 
V, is homogeneous and faithful, each composition factor of I’, is also 
faithful and hence has dimension a multiple of IE,/Z(E,)I “* = m, (this 
follows from Satz V, 16.14 of Huppert [3]). Consequently the k,- 
dimension of V is divisible by n, m, = m, and therefore 
378 HAWKES AND JONES 
Set C, = C,(E,Z/Z). Then IK/C,( d 2(~,2)~.~~/7 by Proposition 1.5, and 
since OS C, < C,(E/.Z) = L, it follows that /K/L1 6 2(n, m,)4.68/7 = 
2m4.68/7. We therefore conclude that 1 Cl = lC: K/ K LI IL: 21 121 < 
i(2m4.7/7) m2(ti/3), and hence that 
IC( < itim6.7/10. (2.6) 
Now combining (2.4) (2.5) and (2.6) we obtain 
ti(m-2) < i2m’3.4/10(). (2.7) 
Observe that, of the variables in this expression, m depends on L/Z, t 
depends on the field k(l), and i depends on IZI and t. 
Next we aim to show that m < 9. First observe that, because q> 3 by 
(2.2), t=p” with a>2 by (2.3), and ql(t--l), we have 
t>4, and ifp#2, then t>25. (2.8 1 
It follows that, if i B 3 and m 3 10, then Lemma 1.1(a) yields an immediate 
contradiction to (2.7). Therefore we may assume that i= 1 or 2. In this case 
q does not divide j = I C: K/ ( < i), and the q-elements of C are contained in 
K. Furthermore, since O,(H) = 1 and Z is therefore a q/-group, each coset 
of Z in K contains at most one element of q-power order. Therefore the 
number of q-elements in C is less than /K/L/ (L/Z1 < 2m6.7/7, and we obtain 
p/2 < 2m 6.717 fori=l or2. (2.9) 
If s is a prime divisor of m, then s # q and sq divides t’-- 1. It follows that 
t’> 16. But by Lemma 1.1(c) we have 2m6.7/7<4”= 16”j2< timI2 for m> 11 
and (2.9) fails to hold. Thus 
m < 9. (2.10) 
Next we show that 
(Dl) The prime q divides IKILl; in particular m > 1. Suppose, if 
possible, that K/L is a q/-group, and let Q* E Syl,(C). Since O,(C) = 1, it 
follows that L is a q’-group and hence that Q* n K= 1. Then 
Q* r QK/K< C/K, which is a cyclic group. Therefore Q* is cyclic, and 
since C,,(Z)< Q*n K= 1, it follows easily that C&O) = 1 for some 
D = D, E Syl,(Z). Let U be an irreducible submodule of Vog*. Since V, is 
homogeneous and faithful for Z, the module U is faithful for DQ*, and an 
easy application of Clifford’s theorem (for example, see the argument of 
Theorem 3.4.4 of Gorenstein [1]) shows that U,, is a sum of regular 
k(l) Q*-modules and that, in particular, C,(Q*) # 0. Then, for 
O#UE C,(Q*), the H-orbit D containing u has length IH: C,(v)/ = 
ORBITS ON FINITE MODULES 379 
I1y: C/ / C: C,(v)l, which is a q’-number. But by the Orbit 
Q-invariant, and therefore q 1 (01 because all Q-orbits 
regular. This contradiction forces us to conclude that q / IK/LI and hence, in 
particular, that m > 1. 
It remains to rule out the possibilities m = 2,..., 9. For the rest of t 
proof we choose a fixed Sylow q-subgroup 
(D2) The case m = 2. In this case L= Z‘d E, where E is dihedra 
quaternion of order 8. Then IK/L\ divides IGE(2, 2)/ = 6, and since q is 
and divides IK/LI by (Dl), we must have q= 3. Since C/K is ey 
KQ*aC; moreover, lKQ*: LQ*I = 1 or 2, and it follows 
tains all 3-elements of C. Let Z = Xx Y with XE Syl,(Z) an 
and note that Y is a 3’-group because O,(Y) < O,(C) = 1. Since Aut(X) is a 
2-group, we have X< Z(LQ*), and consequently the number of 3-elements 
in C is less than 
lLQ*lXl=4 IQ*1 I YI 
because LQ*/Xz (Z, x Z, x Y) Q*. 
Let IQ*\ = 3”‘+l for some w  3 0. Since IQ* r, K/ = 3, we have 
3’” = jQ*K/K( 1 /C: Kl =j, and so 3”li. Furthermore, because k(A) #k, we 
have3~(~k~-1)and3~(~k(/Z)~-l)=p”-l,andsoaiseven.Gonsequently 
8 I( pU - 1) = (t - 1 ), and since 3 = q 1 (t - 1) and 3” divides i, it follows that 
8 x 3” + ’ divides t’ - 1. But ) ZI, and therefore j Yj, 
therefore 8 x 3”.+’ 1 YI divides t’- 1 because (1 Yl, 6) = 1. 
4\Q*l /YI<(4x3”‘+‘t;)/(8x3”+‘)=~ti 
= $( py < 1 j v/j 112 < / VI ‘12, 
ut we showed earlier that C contains at least / V/ ‘I2 q-elements, and so t 
possibility that m = 2 is ruled out. 
(D3) The case m = 3. In this case IL/Z1 = 9 and so IK/LI divides 
jGL(2, 3)/ =48. But because O,(C) > O,(L) # 1, we must have q3 5 an 
therefore q[jK/LI. This contradicts (Dl) and so mf3. 
(D4) The case m = 4. Here L = Z Y E, with E extraspecial of order 2’, 
and 02(C)> Q,(L)# 1. Since V is irreducible by (A2), we have O,(C)= 1 
and therefore t 2 25 by (2.8). By Lemma 1.1(a) the inequality of (2.7) is 
violated when m = 4, t > 25, and i > 3. Therefore i < 2 and Q* < K. 
Now the structure of L implies that the map 
(XZ, yZ) -+ [x, y] E E’ = Z(E) 
defines a non-singular symplectic form on L/Z, which is preserved under 
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the action of K since [Z, K] = 1. Therefore /K/L1 divides ISp(4, 2)1 = 6! 
(see Satz II, 9.21 of Huppert [3]), and consequently q = 3 or 5 by (Dl). 
Since 6! = 24 x 32 x 5 and since groups of order 32 x 5 are abelian, it follows 
that a Hall 2’-subgroup of K/L is abelian of order dividing 3’~ 5. By 
Theorem 1.4(ii) the [F,(K/L)-module L/Z is completely reducible; hence 
O,(K/L) = 1, and therefore Q*L/Ls K/L, whence C has at most 24 x 32 q- 
elements. But this is insufficient, because ( I/( ‘j2 3 timi 3 252 > 9 x 16. 
Therefore m # 4. 
(D5) The case m = 5. In this case K/L is isomorphic with a soluble sub- 
group of SL(2,5), and as O,(C) # 1, we infer from (Dl) that q= 3. 
First suppose that qjj= JC: KI. Since the largest soluble subgroup of 
SL(2,5) has order 24, the number of q-elements in C is at most 24 x 52. But 
15 (= IQ1 IZI) divides t’-- 1, hence t’> 16, and therefore 
1 V/ 1’2 > (16’) > 24 x 52. 
Thus C contains insufficient q-elements. 
Therefore we can suppose that 31 i. If t = 4, then 2 divides i because 
ml(t’- 1) and 2 has order 4 (mod 5). Hence t’3 46 and i3 3. But when 
m = 5, Lemma 1.1(a) implies that the inequality of (2.7) is not satisfied for 
t’a 46 and i = 3 or for t 3 4 and i 3 6. Therefore m cannot be 5. 
(D6) The cas m = 6. In this case O,(C) # 1 and so q 3 5. But (K/L1 is 
a divisor of IGL(2, 2)/ x JGL(2, 3)j = 6 x 48 and so is not divisible by q. 
This contradicts (Dl ), and therefore m # 6. 
(D7) The case m = 7. Here K/L is a completely reducible soluble sub- 
group of SL(2, 7), and it is straightforward to verify that therefore 
/K/L\ 148. Hence q=3 by (Dl). If i33, we have 
ti(“/2- ‘) 3 25i > 48 x 49i > im2 (K/L] 
by Lemma 1,1(g). Hence 
1 VI l/2 3 p/* > im*t’ IK/L( 3 ICI 
and this possibility is ruled out. Suppose that i < 2. Since 21 divides IQZI, 
we have 21 I (ti- l), and it is easy to confirm that t’3 82. But then 
( VI u2 3 t im’2 3 87 which certainly exceeds the upper bound 48 x 49 for the 
number of 3-elements in C. Therefore m # 7. 
(D8) The case m = 8. In this case p f2, and so t > 25 by (2.8). By 
Lemma 1.1(a) the inequality of (2.7) fails to hold for m = 8, t 225, and 
i z 2. If i= 1, then C= K, and the number of q-elements in C is less than 
/K/L/ /L/Z/. But by Proposition 1.5 we have K/L< (2/7) x (26)2.34 < 
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(215.’ )/7, and since (2*‘.‘)/7 < 254 = 25 w2 < / Y/ l’*, there are once again too 
few q-elements in C for the configuration to exist. Thus m f 8. 
(D99 The final case m = 9. Here q > 5, and so t > 16. 
the inequality of (2.7) is violated for m = 9 and t > 16 when i > 3. 
Therefore suppose that i < 2. Now L = E Y Z, where E is an extraspeciai 
group of order 3’. By the argument of (D4) K/L is a completely-red~~~b~e 
soluble subgroup of Sp(4,3), which has order 2’ x 34 x 5 by Satz II, 9.13(a) 
of Huppert [3I]. Therefore q = 5 by (Dl), and by Lemma 1.2 the number of 
5-elements of C is at most 27x 5 x 34. ut I VI W > tid* 3 159'2 = 
49 > 27 x 5 x 34, and it follows that m # 9. 
Since we have now exhausted all possibilities, the mounter-exarn~~~ can- 
not exist, and the Orbit Theorem is true. 
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